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Introduction
Let G = (V , E) be a simple connected graph with vertex set V = {v 1 Since the 1980s, many researchers have investigated upper bounds for λ(G), among the known upper bounds for λ(G) are the following:
1. Anderson and Morley's bound [1] :
2. Li and Zhang's bound which is better than bound ( * ) [2] :
where
where m i is the average of the degrees of the vertices of G adjacent to v i , which is called average 2-degree of vertex v i . 4. Another Li and Zhang's bound which is better than bound ( * * ) [4] :
5. Rojo et al.'s an always nontrivial bound [5] :
where |N i ∩ N j | is the number of common neighbors of the vertices v i and v j . 6. Li and Pan's bound [6] :
( * * * * )
7. Shu et al.'s bound [7] :
where δ denotes the minimum degree of G. 8. Das' bound which is better than bound ( * * * ) [8] :
9. Another Das' bound which is better than bound ( * * * * ) [8] :
10. A new Das' bound [9] :
11. Liu et al.'s bound [10] :
where denotes the maximum degree of G. 12. Zhang's bound [11] :
13. Another Zhang's bound which is better than bound ( * * * * ) [11] :
14. A new Zhang's bound [11] :
In this paper, we present a new attainable upper bound for λ(G) and give an example to illustrate that this bound is, in some sense, the best.
Result and example
Now, we give the main result of this paper.
Theorem 1. Let G be a graph on n vertices. Then
λ(G) max    d i + d 2 i + 8d i m i 2 : v i ∈ V (G)    ,(11)
with equality if and only if G is a bipartite regular graph.
Proof. Let X = (x 1 , x 2 , . . . , x n ) T be an eigenvector of the Laplacian matrix L(G) corresponding to the Laplacian spectral radius λ(G). Suppose that one of the eigencomponents of X, say x i , is the largest in magnitude and the other eigencomponents are less than or equal to x i , i.e., |x k | x i for all k.
we have
and
Therefore, we have
Thus,
If G is a bipartite regular graph, it is obvious that equality in (11) holds. Now suppose that equality in (11) holds, then equality in (c) also holds. Therefore we must 
So, we can partition vertices of G into two sets S and T in such a way that S = {v j ∈ V : x j = x i } and T = {v j ∈ V : x j = −x j }. Then V = S ∪ T and there is no pair of two vertices in S or T which is an edge. Thus we prove that G is a bipartite graph.
For each vertex v j ∈ V , from Eq. (a), we have
Then, λ(G) = 2d j , (j = 1, 2, . . . , n).
So, G is a regular graph. The proof is complete.
Example. Let G 1 be the tree on n = 18 vertices in Fig. 1 .
For this graph λ(G 1 ) = 5.764, and the mentioned bounds are as follows:
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
